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ABSTRACT:

The Grundy number of a graph G, denoted by F(G), is the maximum number required for proper
grundy coloring. This Grundy Coloring (also known as First-Fit Coloring) is defined as

FVG) >{C:teN} gehthat v F(M=C m s adjacent with all Cit colors where M€V ()
In this, we obtained the grundy number of some graphs from ladder graph family such as Ladder graph
[L“], Open Ladder graph [O(Ln)], Slanting Ladder graph[s(L")], Triangular Ladder graphrr(l‘n)],
Open Triangular Ladder graph[O(TL")], Circular Ladder graph[C(Ln)], Mobius Ladder graph[M“],
Diagonal Ladder graph[D(Ln)] , Open Diagonal Ladder graph[O(DLn)] :
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1. INTRODUCTION

In this paper, the graphs G =V(C).E(C) e use are simple, finite, connected and undirected
graphs where V(G) s the set of vertices in G & E(C) is the set of edges in G . A Proper k-coloring
is the assignment of colors to V(G) in G such the no two adjacent vertices bear same color. This
proper k-coloring is said to be grundy k-coloring if it satisfies the condition: Fu)=C, then
U~Cpu~Cou~Cor =Gy oy the mapping FV(G) >{C ke N} 1y other words, a vertex
colored with C must be adjacent with all G colors[2]. This grundy coloring is also known as first-

fit coloring[7]. It is a maximum coloring which was initially initiated by P M Grundy for directed
version but the undirected version was introduced by Christen and Selkow[5][8]. The grundy number

I'(G) can also be predicted by using greedy algorithm which consider V(G) in some order and colors
them with proper first available color. It is well known that ®(G) < 2(C)<T(C) <AC)+1 \yhere

@(G) js the clique number[6]. In developing the concept of grundy coloring, [1]Brice Effatin found
some exact values for the grundy coloring of some central graphs. In a manuscript [11] the upper bound
for grundy number of a graph in terms of its Randic index, order and clique number were discussed.

2. PRELIMINARIES

Definition 2.1: A Grundy n-coloring of G is an n-coloring of G such that ¥ color
C, v C,<C,

C, , every node

colored with C, is adjacent to atleast one node colored with
I'(G) is the maximum number n such that G is Grundy n-coloring[3].

Definition 2.2: A Ladder graph L+ is defined by Lo =Fx<Ks \where ™ is the path with n vertices, K,
is the complete graph with two vertices and * denotes the cartesian product[10].

Definition 2.3: A Open Ladder graph O(L,) where N2 2 js obtained from two paths of length n-1
with V(G)={uy;:1<i<n}udyv,:1<j<n} and
E(G) ={uu,

i+1

. The Grundy number

A<isn=-Bufvy;, 1< j<n=-3u{uy,; ti, je[2,n-1]} [10]
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Definition 2.4: A Slanting Ladder graph S(Ly) is the graph obtained from two paths {u-1<i<n} &
Wit L<T=NF by foining each Y with Vit v 1<i<n-1po].

Definition 2.5: A Triangular Ladder graph T(L) where N2 2 js a graph obtained from L, by adding

the edges UVi,y i1si< n—l. The vertices of L, are i and Vi (ui and Vi are the two paths in I‘n)[lO].

, OT(L,)

Definition 2.6: A Open Triangular Ladder grap , where "22 js obtained from an open

ladder by adding the edges {uvi,1<isn-T} [10].

C(L,) C, iU u,U,..u U

Definition 2.7: A Circular Ladder graph 1 and an
inner cycle SRR with additional edges (uivi), 1=1,2,3,...1 called spokes[10].

Definition 2.8: A Mobious Ladder graph M, is the graph obtained from the ladder graph by joining

is the union of an outer cycle

the opposite end points of the two copies of Py [10].

D(L,)

Definition 2.9: A Diagonal Ladder graph N<2 js a ladder graph with 2n vertices & is

constructed from a ladder graph L, by adding the edges Ui gng Yiu¥i for 1<i<n —1[9].
Definition 2.10: A Open Diagonal Ladder graph OD(L,)

removing the edges Ui g Vi for 1=11 [10].

is obtained from a diagonal ladder graph by

3. MAIN RESULTS
Here, we concentrate on the grundy number of ladder graph families such as Ladder, Open
Ladder, Slanting Ladder, Triangular Ladder, Open Triangular Ladder, Circular Ladder, Mobius

Ladder, Diagonal Ladder & Open Diagonal Ladder which are denoted by Ln, O(Ln), S(Ln), T(Ln),
Om'”). C(L"), M“, D(L,) and O(DL,) respectively.

Theorem 3.1: For 121 the grundy number for ladder graph L, is given by

2, n=12
k)= 4, n>3

Proof: Consider a ladder graph Lo with vertex set VL) ={u si<i=npofy i< j<n}
E(L) ={uu,, :1<i<npufvyy,, 1< j<npof{uy; i, jelln]&i = j}

| E(L,)I=3n-2

A(|-n)={

and edge set
1 with VI=2n oy
n, n=12
3, nx>3

C.C,.C,,..

olL)= {2 nx2

. We have and

Consider the colors
Case 1: For =12

" and assign the colors as follows.

Let us consider the mapping V(L) >{C, 11<s<2}

Subcase 1: When N=1
I(u,)=C,

I(v,)=C,

obviously, (&) =2 since

Subcase 2: When N=2
H(un) = H(Vn—l) = Cz

and assign the colors as follows.

AL)=n
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H(Vn) = H(un—l) = Cl

Thus, 1) =2 suppose T(bn) =3 then the vertex U+ colored with
the mapping 11(Un) =H(v, 1) =C; TI(u,,)=C T1(v,)=C
grundy coloring.

C C

2 is not adjacent with ~* for

2 and 1 which contradicts the definition of

.. From the above subcases, we have I(L,)=2 for =12
Case 2: For 123

Assign the colors by using the mapping Y (L) > {C - 1st<4}
For i=]j= 21 o) = C4, ¢(Vj) = C31 P#(U;,) = ¢(Vj+1) =GC, and p(U,) = ¢(ij1) =C,

C,, i=0mod2 C,, j=1mod2
i PW=1c izimod2 . "7 1c, j=omod2
e For I,je[4,n]' 1 1=1Mo and . J=0mo
Obviously, I(L)=4 or n>3, Suppose IL)<4 eventhough it satisfies the definition of grundy
coloring, it is not maximum.
2, n=12
)=
Thus, from the above cases, we have 4, nz3
Theorem 3.2: For 123 the grundy number for open ladder graph O(L,) is given
o =4 "3
"7 14, n>5

Proof: Consider a open ladder graph O(L,) with vertex set VIO(L)I={u; - 1si<npodv; 1< j<n}
and edge set E[O(L)]={uu,,,:1<i<nfufvy,, 1< j<nfufuy; i, je@n) &i=j}
| VIO(L,)]I=2n and! E[O(Ln)]|=3n—4.

A[O(L,)]=3 4q STO(L)]=1

C,.C,.C,,..

i+1 j+l Wlth

.. We have

Consider the colors
Case 1: When " =34

Let us consider the mapping aV[O(L)]~{C 1<k =<3}
o a(u)=a,)=a(,)=a(v,)=C,

. U,)=C, & a(v,,)=C,

e ForN= 4, a(,_,)=C, & a(v,,)=C;

" and assign the colors as follows.

and assign the colors as follows.

Thus, F[O(L")]:s. Suppose F[O(LS)]:4, then the vertex "t & Y colored with C, is not adjacent

with Cl for the mapplng C{(un—l) = C4, a(vn—l) = CS , a(ul) = a(vn) = C2 & a(un) = a(vl) = Cl which
contradicts the definition of grundy coloring. Similarly Fo(L)]=4 also contradicts grundy coloring.
And TIO(LI>4 s ot possible since ' <A+1,

- ITO(L)]=3 for N=34

Case 2: When N=5

Let us consider the mapping BNVIOWL)I=AC 1<l <4} such that
o For ] :3, ﬂ(ui):C41 ﬂ(vi):C31 Bu,)=C, & A1) =C,
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° Bu)=C, & Bv)=C,

C,, i=1mod2 C,, j=0mod2
i PU=1¢c izomod2 . PY71c, j=1mod2
e For I,je[4,n]' 1 1=0mo and . J=1mo
Obviously, TOL)I=4 ¢ n>5, Suppose ToL)1<4 eventhough it satisfies the definition of
grundy coloring, it is not maximum.
3, n=34
o=y, o
Thus, from the above cases, we have M=
Theorem 3.3: For "=2  the grundy number for slanting ladder graph S(Ly) is given by
se={> "2
Ll= 4, nx>4
Proof: Consider a slanting ladder graph S(Ly) with vertex set
VIS(L)I={y; :1<i<n}ufv,:1<j<n} and edge set
E[S(L)]={uu;,, :1<i<nfufvy,, 1< j<nfu{uy,, 11<i<n} with IVIS(L)]I=2n and

| E[S(L)]I=3n-3

2,
A[S(L”)]:{s, n23 4 oS(L)]=1

C,.C,.C,..

.. We have

Consider the colors
Case 1: When "=2:3

Consider the mapping 2V [S(L)]={C; :1=s<3}
o PU)=p,,)=C

. Pv,)=C,

. Pl)=C,

e For n:3, pu) = p(v,) =C,

" and assign the colors as follows.

and assign the colors as follows.

Thus, TS (L,)] :3. Obviously TS (L,)] :3. Suppose s (L)l >3, then the vertex ' colored with
C: is not adjacent with C2 for the mapping 1) =P =C, p(U)=p(v,1) =C; p(U,1) =Cy 4ng

pv,)=Cq which contradicts the definition of grundy coloring.
- TIS(L)]=3 for N1=2,3
Case 2: When N> 4

Let us consider the mapping 7 VIS(L)I—=A{C,
° y(ul) = }/(Vl) = C]_

st<4} such that

C, i=2
U )=
7)) {Cz’ 3
[ ]
y(vj)=C; v j=23
()= (V)_{Cz, i, j=1mod2
e Vv hie[4n] FEI= T C, i,j=0mod2
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IES(L)1=4 IIS(L)1<4

Obviously, for N=4, Suppose , eventhough it satisfies the definition of
grundy coloring, it is not maximum.
3, n=23
r[s<Ln)]={4 o
Thus, from the above cases, we have ' =

Theorem 3.4: For N22 the grundy number for triangular ladder graph T(L) is given by

n+1l, n=23
r =
[T (L,)] { s ns
Proof: Consider a triangular ladder graph T(L) with vertex set
VIT(L)]={u; :1<i<n}ufv, 1< j<n} and edge set

E[T(L)I={uu,,, :1<i<npofvyv,, 1< j<npofuy; i, je[n]&i= jFu{uy,,, 11<i<n}
IVIT(L)lI=2n | E[T(L)lI=4n-3

AT (L Y] = n+l n=2,3
T ")]‘{ 4 nza 4 oTAI=2

C,.C,.C,...

with

.. We have

Consider the colors
Case 1: When "=2:3

Let us consider the mapping VIT(L)]
Subcase 1: For N =2

AV))=C1 v jelLn]
A)=C, v ie[Ln]

" and assign the colors as follows.

—{C:lsks<n+1} and assign the colors as follows.

Thus, F[T(L")]=3. Suppose F[T(L")]>3, then the vertex Y2 colored with C, is not adjacent with

C., i=1 c, j=1
Au)=< "% Av)y=: ! X

1 j+27

C, for the mapping nd which contradicts the definition

of grundy coloring.
Subcase 2; When N =3
A(u) =A(v,) =C,
A(Vvy)=4(u,)=C,
Thus, AU =4. Suppose Ir(L)1> 4, then the vertex ' colored with Cs is not adjacent with

contradicts the definition of grundy coloring.
ITT(L,)]=n+1 for N1=2.3

1 which

.. From the above subcases, we have
Case 2: When N24

Consider the mapping 7 -V [T (LI >{C, -1l <4}
o 7W)=7(U)=C, g 7(u)=7r(v,)=C,

7(u;) = Cs & z(uy) =Cs

7(v)=Ci1 v j=23

such that
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C,, i=0mod2 C,, Jj=1lmod2
i "W=1c, izimodz "M c, j=0mod2
[ J For I’JE[S’n]' 1 = mo and 31 J= mo

Obviously, TITLII=5 gor n>4, Suppose TTL)I<5, eventhough it satisfies the definition of
grundy coloring, it is not maximum.
n+l n=23

5, n>4

rF(Ln)]={

Thus, from the above cases, we have

OT(L,)

Theorem 3.5: For 123 the grundy number for open triangular ladder graph is given by

ot =1y "
Ll= 5 n>5
. : - OT(L,) :
Proof: Consider a open triangular ladder graph n with  vertex  set
VIOT(L)]={u;:1<i<n}ud{v;:1<j<n} and edge set

E[OT (LT ={uy,

pclsi<nfofvy, i< j<nfofuy; i, je@n) &i= jrofuy,, 1 1<i<n}

IVIOT(L)II=2n (| E[OT(L,)]I=4n-5
A[OT(L)]=4 4 STOT(L)]=1

C,.C,.C,...

with

.. We have

Consider the colors
Case 1: When " =34
Let us consider the mapping £V [OT (L)1 —>4C,
Subcase 1: For N=3
° lu(ul) = CS & lu(vl) = Cl
° /u(ui) = Ci_l \v4 ie [2, n]
#(V)=C; v je[2,n]
o7 (L,)]=3

" and assign the colors as follows.

1<k=<n} and assign the colors as follows.

IOT(L,)]>3 , then some vertex colored with C

r[oT(L,)]=4

Thus,
all Cea colors which contradicts grundy coloring. For instance, then the vertex 'n
colored with €2 is not adjacent with C: for the mapping 4(t1) = #() =) =C; - u(v,)=C,
#Voa) =Cs g H(Un1)=Cs This leads to contradiction.
Subcase 2: For N=4
o HV)=p(v)=p(U)=C; o u(u)=C,
o HU)=C, v ie[2,n)

u(v;)=Cpi v jel2,n)
Thus, MOT(L,)]= 4. Suppose , then the vertex Vn colored with C, is not adjacent with
C, for the mapping u(u,) =C; 7 w1V, ) = C4’ uu, 1) =C, , w(uy) = u(vy) = u(v,) =C, &

. Suppose is not adjacent with

IoT(L,)]>4

#(Uy) = 1(-2) =Cy \which contradicts the definition of grundy coloring.
Case 2: When N2

Consider the mappin
‘//(Vj) :Cj
° l//(Ul)=C31l//(U3)=C5&l//(ui)=C”2 \vd i=2,4

g VVIOT(L)I>{C 11 <5} ooy it
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° l//(un) = Cl
C,, i=0mod?2

"”(u‘):{cs, i=1mod 2

C,, j=0mod2

. l//(V-)={ :
. For5£J£n, ! C, j=1mod2

Obviously, TOT(L)I=5 for n 25 Suppose
grundy coloring, it is not maximum.

MOT(L)I<5 , eventhough it satisfies the definition of

n, n=34
IOT (L)1 ={
Thus, from the above cases, we have 5 nz5
Theorem 3.6: For 123 the grundy number for circular ladder graph C(Ly) IS given by
IC(L)l=4
Proof: Consider a circular ladder graph CL) with vertex set
VIC(L)I={u;:1<i<n}u{v;:1< j<n} and edge set

E[C(L)]={uu vy Fofuu,, :1<i<npufvv
IVIC(L)I=2n g EIC(L)I=3n

. We have A[C(Ln)]:5[C(Ln)]:3_

Let us consider the mapping -V [C(L)] > {C:1<k <4}
For 1= =1 A(u)=C,, & A(v;)=C,

For 1= =21 A(u)=C,, & A(v;)=C,,

C,, i=0mod2 C,, j=1mod2
/I(Ui)={ ’ /I(V,-)={ ’

< j<nyofuy; i, jelln]&i = j} with

and assign the colors as follows.
[

. For i, je[3.n) C, i=1mod?2 and C, J=0mod2
C,, n=0mod2 C,, n=0mod?2
Au) =1 Av,)=1 "
C,, n=1mod?2 C,, n=1mod2
. and
Obviously, TC(L)1=4 oy n>3, Suppose TC(L)1<4 eventhough it satisfies the definition of
grundy coloring, it is not maximum.

Theorem 3.7: For "22 the grundy number for mobius ladder graph M, is given by

n-1, n=3
TMI=1"4 a3

VM) ={u;:1<i<n}u{v;:1< j<n}
A< j<nyufuy; i jelln]&i= j}

Proof: Consider a mobius ladder graph M, with vertex set
and edge set E(M,) ={uyv, u{vu rof{uy, :1<i<nfo{vy
WithIV(Mn)IZZn and! E(Mn)|=3n.

AM,)=6(M;)=3

C,.C,,C,,.. |

j+1

. We have

Consider the colors " and assign the colors as follows.
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Case 1: When N=3

Let us consider the mapping
a(u)=a(u,)=C,
a(vy)=a(v,)=C,

aVM,)>{C,1<s<n-T and assign the colors as follows.

. Fori=i=2 alw)=Cp g av)=C,
Thus, M) =2. Suppose M) >2, then the vertices " & Y2 colored with C, are not adjacent
with Ct for the mapping () =a(i)=a(U,)=C; "alh)=alv,)=C; 4pq a(U)=C; \ypich

contradicts the definition of grundy coloring.

Case 2: When N#3

Consider the mapping &V (M) >{C,:1<t<4}
BU)=Cy g BW)=Cjy v i=j=2

such that

C

.. . . . V. .
and then the remaining Ui vertices are sequentially colored by C, & ! whereas I vertices are

sequentially colored by C, & CZ.
Obviously, rM,)=4 for N#3, Suppose
coloring, it is not maximum.

I'(M,)<4 , eventhough it satisfies the definition of grundy
n-1, n=3

F(M”):{ 4, n=3

Thus, from the above cases, we have

Theorem 3.8: For =2 the grundy number for diagonal ladder graph D(L)

4 n=2,3
F[D(Im)]={6

, nh=4

IS given by

D(L,)

Proof: Consider a diagonal ladder graph with vertex set

VID(L)I={u; :1<i<n}ufv;:1< j<n} and edge set

{uu; I<i<npo{vyyg, ti< j<npofuy, i, j el n] &i = jpu
E[D(L”)]:{{uiv 1<i<n}u{vu,,, 1< j<n} }

R VID(L)N=2n 41 E[D(L)]I=5n-4

j+l
i+1 j+1
wit
n+l n=2

5, n>3

C,.C,.C,...

AID(L,)] ={ S[D(L)]=3

.. We have and

Consider the colors

Case 1: For =23

Let us consider the mapping & VIP(L)I—>{C, :1=m=<4}
0u)=C, g O(V;))=C; v i=j=2

" and assign the colors as follows.

and assign the colors as follows.

the remaining Ui vertices are colored by C, & Vi vertices are colored by Cl.
Thus, T[P(L)I=4 g5 =23

Obviously, ID(L)1=4
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In the case of N=3, Suppose D)1~ 4, then the vertex ' colored with Cs is not adjacent with
Cz for the mapping H(uz) = C5 1 6?(Vz) = C41 Q(Vn) = C3 , 0(“1) = Cz & H(Vl) = Q(Un) = Cl which
contradicts the definition of grundy coloring.

Case 2: For N4

Consider the mapping ¢V [P(L)1—={C, :1<n<6}

and assign the colors as follows.

C,, 1=0mod3 C,, J=0mod3
#(u,)=4C,, i=1mod3 #(v;)=1C,, Jj=1mod3
. Cor 1=2mod3 Csi 1=2m0d3 gy hge i€l v n=1mod3,

i1j€[1’n) \v/ n=2mod3 &i,jE[l,n—l) \vd n=0mod3

C C

and then the remaining Ui vertices are sequentially colored by ~3 & ~2 whereas ! vertices are

sequentially colored by Cs & Cl.
obviously, L [P(L)1=6 ¢5 n>4

I'[D(L,)]<6

Suppose , eventhough it satisfies the definition of grundy coloring, it is not maximum.
4, n=2,3
roe=
Thus, from the above cases, we have IS
. n>3 - OD(L,) :c

Theorem 3.9: For , the grundy number for open diagonal ladder graph is given by

n, n=3
I'OD(L,)]=45 n=4,5

6, n=>6

: - ; OD(L,) :

Proof: Consider an open diagonal ladder graph n with  vertex  set

VIOD(L)]={y; :1<i<n}ufv,:1<j<n} and edge set

E[OD(L)] :{{uium 1<i < npo{v,v,, 1< <.n}u{uivj i, je@n)&i= j}}
Uy, 1 1<i<npu{viu,, 1< j<n}
! VIOD(L)lI=2n 1 E[OD(L,)lI=5n~6

j+1

wit
“ We have AOD(L)I=5 o4 STOD(L,)]=2.
Consider the colors € GGy and assign the colors as follows.

Case 1: When N =3

Let us consider the mapping &V [OP(L)1 >4C, 11< p<4}
o(u;) =C, & Ov;)=C, v i=j=2

0(u) = 0(u,) = 0(v,) = 6(v,) = C,

rOD(L,)]=3 ¢, n=3.

F[OD(LH)]>3, then some vertex i or Vi colored with C is not adjacent with all Coa

colors. For instance, OD(L,)1=4 then the vertex U colored with C, is not adjacent with C, for the
mapping 0U) =0M)=0(4)=C, 6(u,)=C, 0(v,)=C; g 0(u;)=C
definition of grundy coloring.

Case 2: When =45

such that

Thus,
Suppose

4 which contradicts the
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Consider the mapping :VIOD(L ) >4C, 1= q <5}
() =C, v ie[13]
7(u,)=C,
7(v))=Ci, v j=23
and then the remaining vertices are colored by greedy strategy.
Thus, TIOD(L)I=5 g5, n=4,5
I'[OD(L,)]>5

such that

, then some vertex i or Vi colored with < is not adjacent with all Con
I[OD(L,)]=6

Suppose

colors. For instance, then the vertices "t & U colored with C, are not adjacent with
C, for the mapping t(v)=7(v,) = C1’ r(u)=17(u,)=C, and 7(u)=C,4 & T(VJ') = Ci+l v 1,]=2,3
which contradicts the definition of grundy coloring.

Case 3: When N26

Let us assume the mapping 7V [OP(L)I=>{C, :1<r <6}
Subcase 1: For n = 0 mod3

o 1) =n(v)=n(u,)=n(,)=C,

Subcase 2: For n = 1 mod3

° n(v,,)=C,

o () =n()=n,,)=C,

. 7u)=n(v,)=C,

Subcase 3: For n = 2 mod3

and assign the colors as follows.

o n(v,.)=C,
o (u)=n(v)=n(u,)=n(,)=n(u,,)=C,
o Vi) =C,
o MU 4)=C
Then the remaining i & Vi vertices(where »J€ @1 v n=0mod3 1 je@n-1) v n=1mod3
C,, 1=0mod3
n(u)=<C,, i=1mod3
& bhle@n-2 v n=2mod3) gare colored by C,, 1=2mod3 and
C;, j=0mod3
n(v;)=4C;, j=1mod3
C, J=2mod3
Obviously, IOD(L,)1=6 ¢or n26
Suppose IOD(L,)] < 6, eventhough it satisfies the definition of grundy coloring, it is not maximum.
n, n=3
I'[OD(L,)]=45 n=4,5
6, n=6

Thus, from the above cases, we have
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